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Vector Algebra

Topic-1: Algebra of Vectors, Linear Dependence & Independence of
Vectors, Vector Inequality
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I MOQs with One Correct Answer IR (0} none of fneso
1. LetP,Q, R and S be the points on the plane with position = Integer Value Answer’ Non-Negative Intoger
vectors —2{ — j,4i,3i +3] and —3i+2j respectively. Consider the set of eight vectors
o . : \ SIS i A e U
The quadrilateral PQRS must be a ) Vi=1{ai +bj+ck:a.b,ce{-11};. Three non-coplanar vectors
(a) parallelogram, which is neither a rhombus nor a rectangle can be chosen from Vin 2P ways. Then pis  [Adv. 2013]
(b) square
(c) rectangle, but not a square 'rae - False
- (d) _rho))mbus, but not a square . . 5. The points with position vectors a + b, a—b, and a + kb
2.  Let o, B, y be distinct ILdl. numbers. T_hc points with are collinear for all real values of k. 1984 - 1 Mark]
position vectors o + B + vk, Bi + v/ + ok, yi + oj + Pk -
(a) arecollinear 199 =2 6 MOQs with One or More than One Correct Answer
(b) form an equilateral triangle s : — . ,
6 Ermnstilontirnate Ifa=i+j+kb =4i+3j+4kand c=i+qj+ Bkarelincarly
(d) formarightangled triangle dependent vectors and | ¢ |= /3 . then [1998 - 2 Marks
3.  The points with position vectors 60i + 3/, 40 i -8 /., (a) a=1Lp=-1 ) a=1L =11

ai — 52 j are collinear if [ 19
(@) a=-40 (b) a=40

(c) H—-—].ﬂ'—il td)"a=Zxl"B=]
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7. Match the following : [Adv. 2015]

ColumnI ColumnI1
(A) Inatriangle AXYZ, leta, b, and ¢ be the lengths of the sides opposite P 1
to the angles X, Y and Z, respectively. If 2(a" - b*)=c*and
in(X-Y
A= %Z——) , then possible values of n for which cos(nmh) = 0 is (are)
(B) In a triangle AXYZ, let a, band c be the lengths of the sides opposite @ 2
to the angles X, ¥, and Z respectively. If 1 + cos 2X—2cos 2V
a
=2 sin Xsin Y, then possible value (s) of 3 is (are)
(©) InR2 let \3i+],i+y3j and Bi +(1-B)j be the position vectors of X, ¥ © 3
and Z with respect to the origin O, respectively. If the distance of Z from
3
the bisector of the acute angle of g With §F is —7= . then possible
=
value(s) of |B| is (are)
(D) Suppose that F(ct) denotes the area of the region bounded by x =0, (s) 5
,r=2,_1.3=4xa.nd y=ax—1|+|ax-2 sax where as il 1}.
8 :
Then the value(s) of F(a}+:~f§ .whena=0anda=1,is(are) (ty 6
¥
8. Match the following : [Ady. 2015]
Column|I Column I
(A) In R?, ifthe magnitude of the projection vector of the vector P 1
ai+Pj on 3+ is 3 andif a=2 ++/3p . then possible
value of |a| is/are
(B) Let a and b be real numbers such that the function (@ 2
—3ax2—2,x¢1 &5 2
fx)= {bx e if differentiable forall x e R
Then possible value of a is (are)
() Let @# 1 beacomplex cube root of unity. @ 3
If (3-30+202)"3 4 2+30 302" +(3+20+ 302)*+3 =,
then possible value (s) of n is (are)
(D) Let the harmonic mean of two positive real numbers @ and bbe 4. (s) 4
If g is a positive real number such thata, 5, ¢, b is an arithmetic
progression, then the value(s) of | g —a | is (are) 4 5
@x} = . e SR 12. Inatriangle OAB, E is the midpoint of BO and D is a point
% P ——— on AB such that AD : DB=2: 1. If OD and AE intersect at
9. Show, by vector methods, that the angular bisectors of a P, determine the ratio OP : PD using vector methods.
triangle are concurrent and find an expression for the [1989 - 4 Marks]
posi.tﬁon vector of the point c.)f concurrency in tc:ms ofthe (3 LetO4CBbea parallelogram with O at the origin and OC
position vectors of the vertices. [2001 - 5 Marks] a diagonal. Let D be the midpoint of O4. Using vector
10. Prove. by vector methods or otherwise, that the point of methods prove that BD and CO intersect in the same ratio.
intersection of the diagonals of a trapezium lies on the line Determine this ratio. [1988 - 3 Marks]
passing through the mid-points of the parallel sides. (You 4 o)
may assume that the trapezium is not a parallelogram.) 14, Avector 4 has componentsA 10 A,, Ay inaright -handed
(1998 - 8 Marks] rectangular Cartesian coordinate system oxyz. The
dinate system is rotated about the x-axis thr
11. In a triangle ABC, D and E are points on BC and AC coordimiate eystem i rotated shout fhe 3-:xis (REEEE

Get More Learning Materials Here : &

respectively, such that BD=2 DCand AE=3EC. Let Pbe
the point of intersection of 4D and BE. Find BP/PE using
vector methods. [1993 - 5 Marks]

cnrene €

T
angle 2 Find the components of 4 in the new coordinate

system, in terms of 4,, 4,, 4. 1983 - 2 Marks]
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Topic-2: Scalar or Dot Product of two Vectors

| MOQs with One Correct Answer
Let G=i+j+k b=i-j+kand =i j—k bethree
vectors. A vector v in the plane of @ and b, whose
1

projection on ¢ is 7—3‘ , is given by 2011}
@ i-3j+3k (b) —=3i-3j—k
(© 37i-j+3k d) i+3j-3k

Let two non-collinear unit vectors 4 and j form an acute
angle. A point P moves so that at any time  the position

vector QP (where Ois the origin) is given by acost +bsint.
When Pis farthest from origin O, let M be the length of Op

and ; be the unit vector along OP . Then. [2008]
@@ = ‘fh? and M =(1+a-b)"*
la+b|
~_a=b N
b 4=—— dM=(l+a-b)
la—b|
= a+b ~ 112
= —and M =(1+2a-b)
© *7av8)
@ f=—2—2 and M =(1+24-5)"2
|la-b|
If :, E _; are three non-zero, non-coplanar vectors and
3 ¥ Z—)
SR g = = -
b=b-2%a b= b+,
laf laf’
- — . - — — =
- - a= bec=> 2 = cog> ¢ =
q=c-— = b],czzc—_’ ,g---b] b,
e it laf?  |nF
e 3 - =3 N i
: “g C'ﬂ;’_i_bca——- c.a— b.c—
e On R B S e S :
e |ef et I8P
then the set of orthogonal vectors is [2605S]
— = = - = =
@ (a,b,c3) ®) (a,b,c)
Ly - = =
©) (a,b,c) @ (a,by,¢)

If @ and b are two unit vectors such that @+2b and
5G—4b are perpendicular to each other then the angle
between G and b is [20028]

(a) 45 (b) &F

s

(© m_‘(:} @ cns_"(g}
\ 7/ 7,

\
.

If G.band € are unit vectors, then

i

{5—5" +6—& +/¢-@ docsNOTexceed [20018)]
(a) 4 (b) 2 (c) 8 (d 6
6. Letu,vand whevectorssuchthat e + v+ w=0.1If

lii|=3,|7|=4and [# = 5, then &¥ + V.w + Wil is
[1995S]
@ 47 ®b) -25 (¢ 0 d 25

7. Let p and 4 be the position vectors of P and Q

respectively. with respectto O and |p = p.19=¢.
The points R and S divide PQ internally and externally
in the ratio 2 : 3 respectively. If OR and OS are
perpendicular then [1994]

(@) 9¢=44 (b) 47=9F (c) Yp=4¢ (@ 4=
8. Let p=2{+j+3k and G=i—j+k.If for some real
numbers o, B and v, we have

157 +10] + 6k = a(2p +§) +B(P—23) + V(P *G)
then the value of y is : [Adv. 2024]

9. If 4,band € are unit vectors satisfying [2012]

|G-B? +|b-C|? +|é—a =9, then | 24 +5b +5¢ | is

10. The components of a vector a along and perpendicular

toa non-zero vector  are.......and .......respectively.
[1988 - 2 Marks]

11. Leth= 4 +3; and ¢ be two vectors perpendicular to
each other in the xy-plane. All vectors in the same plane

having projections 1 and 2 along » and c, respectively,
aregivenby........ [1987 - 2 Marks]
12. A, B, C and D, are four points in a plane with position
vectors a, b, ¢ and d respectively such that
(G—-d)b-¢)=(b-d)E-ad)=0  [1984-2 Marks]
The point D, then, isthe................... of the triangle ABC.
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13. Let 4, B. C bevectorsoflength 3,4, 5 respectively Let 4 be
perpendicularto B+ C, Bto C+ Aand C to A+ B.Thenthe
length of vector 4+ B+ C iS....... [1981 - 2 Marks]

14. The vector %(2? —2j+k) is [1994]

(a) a unit vecotr

n 2 3 .
(b) makesan angle 3 with the vector (2 —4 7+ 3k)

17. Ifthe incident ray on a surface is along the unit vector v,
the reflected ray is along the unit vector w and the normal
isalong unit vector 4 outwards. Express w in terms of 4
and 7. 2 [2005 - 4 Marks]

2 "
A s W

18. Let A= f,;)i+f,@jand

B(t)=g,0i + g, )t < [0,1],
where f,, /5, g,, g, are continuous functions. If A () and

B(t)are nonzero vectors for all and ;{'(O)=2f+3_;', A1)

h

19.

20.

21.

cnrene €

e
(c) parallel to the vector [—f +_,i—-£k]

(d) perpendicular to the vector 37 + 2; —2k
Let G=2—j+kb=i+2j—k and ¢=i+ -2k be
three vectors. A vector in the plane of b and ¢, whose
projection on g is of magnitude m IS

[1993 - 2 Marks]
(b) 2i+3j+3k

d 2i+j+5k

20 +3j-3k

2/ — j+5k

(a)
(c)

%) 7 Mateh the Following
16. Match the statements given in Column-I with the values given in Column-II. [2011]
Column-1 Column-I1
(A) If G=j+\3k b=-]+ 3k and @=23k form a triangle, then (p) g
the internal angle of the triangle between & and 5 is
b i
s )
B) If _f (f(x) = 3x) dx = a* — b?, then the value of f [ %J is (q) ?ﬁ
‘Ir2 5/6 n
(C) The value of — j sec(nx)dy is =
fn3 e 3
(D) The maximum value of Arg[%i for [z|= 1,z # 1 is given by (s) =
® 5
% 10 Subjective Problems =6i+2j,B0)=3i+2jand B(1)=2i+6 j.Then show

that 4(f) and B(r) are parallel for some £ [2001 - 5 Marks]|

Find 3—dimensional vectors Vi, V,, V; satisfying

|

-l

’i 'Fl = 4,1-:'1.52 = —2,‘;1.;3 — 6,621_"2

2,V = =550, =29 [2001 - 5 Marks]

Determine the value of ‘¢ so that for all real x, the vector
exi —6)—3k and xi + 2]+ 2cxk make an obtuse an gle
with each other. [1991 - 4 Marks|

From a point O inside a triangle ABC, perpendiculars OD.
OE, OF are drawn to the sides BC, CA, AB respectively.
Prove that the perpendiculars from A4, B, Cto the sides EF,
FD, DE are concurrent. [1978]
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Topic-3: Vector or Cross Product of two vectors, Scalar & Vector
Triple Product

| MOQs with One Correct Answer
Let the position vectors of the points P, Q. R and S be
ST T ST z%a?m&
and d = 2i+ j+k, respectively. Then which of the

following statements is true? [Ady. 2623]
(a) The points P,Q,R and S are NOT coplanar.

b+2d

(b) is the position vector of a point which
divides PR internally in the ratio 5 : 4.

b+2d

(c) is the position vector of a point which
divides PR externally in the ratio 5 : 4.

The square of the magnitude of the vector bxd is
95.

(d)

If a and p are vectors such that ‘:‘F !?‘ =29 and
Ex(2f+3_f+4£] =(2§+3}+-ﬁ@)x5,:hen a possible

valueof(a+f_a)_(—7f+2}+3}E]is [2012]
(@ 0 (b 3 (c) 4 (d 8
Two adjacent sides of a parallelogram ABCD are given by
AB=2i +10j+11kand AD=—i +2+2k

The side AD is rotated by an acute angle o in the plane of

the parallelogram so that AD becomes AD". If AD' makes a
right angle with the side 4B, then the cosine of the angle o

is given by [2010]

(a) % (b) if— (c) 15 (d) ?

If @,b,¢ andd are unit vectors such that

(@x5)-(¢xd)=1 and 36—, thea [2009]
/ 2

(a) a,b,¢ arenon-coplanar

(b) b.¢,d arenon-coplanar

(¢) b,d arenon-parallel

(d) 4.4 areparalleland b, are parallel
The edges of a parallelpiped are of unit length and are

parallel to non-coplanar unit vectors a, E;,c‘- such that

x|
dh=be=ta= - Then, the volume of the parallelpiped

is [2008]
i E e h P
(a) \—2‘ (b) NG (c) —5" (d) \[3_-

6.

10.

11.

cnrene €

Let @.5. be unit vectors such that 3+5+2=0.
Which one of the following is correct 7 [2007 -3 marks]

(a) Gxb=bxt=Cxa=0
(b) d@xb=bxé=cxa=0
() axb=bxé=axc=0

(d) &xb.hx¢,¢ x a are muturally perpendicular

The number of distinct real values of A. for which the vectors

A%+ j+k,i-22j+k and { + j— %k arecoplanar,is
{2007 -3 marks]|

(a) (b) one (c) (d) three

leta =i+2j+kb=i—j+kande =i+j—k.

ZET0 two

A vector in the plane of @ and » whose projection on ¢
1

is —, is 2006 -3M, -1
75 [ I

(@) 4i—j+4k (b) 3F+j-3k

(c) 2i+j-2k (d) 47+ j-4k

The unit vector which is orthogonal to the vector

5i +2 +6k and is coplanar with the vectors 2/ + j +k

and ;—j+k is [20045]
2 —6j+k 2i -3j
@ \/4_1 ®) ‘\rﬁ
3j-k 4 +3j-3k
C e d e
W @ J34

IfG=(+j+k),ab=1and @xb=j—k, then b is
@ i-j+k ®) 2j-k  [20048]

© i d 2
The value of ‘a’ so that the volume of parallelopiped formed

by i +aj+k, j+ak and ai +k becomes minimum is

[20038]
@ -3 (b) 3 © 3 @ B
Let ¥ =27+ j -k and W =1+3k.IfU isa unit vector,

then the maximum value ofthe scalar triple product | UV | is

@ -1 ®) J10+J6  [20028]
© /359 d 60

Leta=i —k,b=xi +j+(1-x)kand
¢=yi +x +(1+x—y)k.Then {&5Eldcpends on
[2001S]

kb} only y
(d) both xandy

(a) onlyx
(c) Neither x Nory
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14.

17.

19,

20.

21.

Get More Learning Materials Here : &

= =N o
If @, b and ¢ areunitcoplanar vectors, then the scalar

R . B S i
tripleproduct | 2a-b,2b-c,2¢c—a|= [2000S]
@ 3

yiicaf8

- = = -
Let the vectors a, b, ¢ and d be such that

@ 0 ®) 1

- — - —»
[axb)x cde:D.LetPlandPgbe planes

—)—)

determined by the pairs of vectors a b and ¢,

respectively. Then the angle between P and P, is
[2000S]

n
d =

(a) 0 5

(©

w|a

b o
(b) 7

o
Ifthe vectors &, b and ¢ form the sides BC, CA and AB
respectively of a triangle ABC, then [2000S]

- = 3 =3 —F >
@ g.b+b.c+c.a=0

5> =3 = —
(b)axb=b % o= ena
R
(C)a b=b c=c.a
- = 3 S = =
(d) axb+bxc+cxa—0
Let a=2i+ j+k, b=i+2j—kand a unit vector c be coplanar.
If ¢ is perpendicular to a, then ¢ = [1999 - 2 Marks]

=+

2 (b)

L 58
(@) E(ﬂ—rk}
Loz s |
(© 7—§(r~21} (d) ﬁ{:—J—k}
Leta=2i+j—2kand b=i+j. If cis a vector such that

a.c=!c|,|c-a|=2‘ﬁandtheangiebetween(aXb)and
cis30° then|(ax b) < ¢e|= [1999 - 2 Marks]
(a) 273 (b) 32 () 2 (d 3

If @, b and ¢ are three non coplanar vectors, then [19955]

(G+b +¢) [(@+b) x(@+7)] equals

@ 0 (b) [@bé]
© 2[a@bel d -[abé]
If @ b,¢ are non coplanar unit vectors such that
e or o (D EE) By
ax(bxc)= , then the angle between 4 and b
2
is [19958]
3n n
= 2ad — 2 d
(a) 7 ® 3 © = d =
Let G=i—j, b=j—k, é=k-i.If d is a unit
vector such that G.d = 0 =[5 & d], then d equals
[1995S]

(]
[

[
e
.

24,

26.

28,

i + ] -2k i+j-k
(a) i-L () =i
J6 NE)
(c) i%%i @ +k

Let a. b, ¢ be distinct non-negative numbers. If the vectors
ai +aj +ck,i+k and ci +cj+bk lieinaplane, then cis
(a) the Arithmetic Meanofagandb [1993 - 1 Marks]
(b) the Geometric Mean of aand b

(c) the harmonic Mean of a and b
(d) equal to zero

Let a. b, c. bethree non-coplanar vectorsand ;T, qr—, 7, are

cxa

“[abecl

bxc —

Gbe|

vectors defined by the relations p =

r =

[abc]

then the value of the expression

(@+b). p t(b+c).q + (c +a), r isequal to
[1988 - 2 Marks|
@ 0 () 1 () 2 d 3.
The volume of the parallelopiped whose sides are given
by OA=2i-2j, OB=i+j —k, OC=3i -k, is
[1983 - 1 Mark]

2 4
@ T3 (®)

2
(c) 7 (d) none of these
For non-zero vectors a |(a xb)c | H b‘ ‘
holds if and only if [1982 - 2 Marks]
@ a.b=0, b.6=0 (b) b&=0, ¢.a=0

) % (§+ B+ _C)) equals :
[1981 - 2 Marks]|

._I
=
L]
2
it
g
wl
Qi
Al

® [ABCI+[BC 4]

(d) None of these

be vectors in three-dimensional space,

Let @,V and w
where 7 and ¥ are unit vectors which are not perpendicular
toeachotherand iz =1, v =1, ww =4

If the volume of the parallelopipede, whose adjacent sides

are represented by the vectors i, V and # ,is /2, then
the value of |3f]’ + 51?| is [Adv. 2021

Let @ and b be two unit vectors such that -5 =0 . For
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some x,y€R, let f=xd+yb+(@xb). If =2 and 36. Aunitveciorcoplanarwithi +j +2k andi +2; +%

the vector ¢ isinclined at the same angle a toboth 5 and
b.thenthevalueof 8cos?ais .  [Adv.2018]
Suppose that p,g and 7 are three non-coplanar vectors
in ®° . Let the components of a vector 5 along p.g and
7 be 4, 3 and 5, respectively. If the components of this
vector 5 along (-p+g+r).(p—-g+r)and (-p—3=+7)

are x, y and z, respectively, then the value of 2x +y +zis
[Ady. 2015

- —

s
30. Let a, b and ¢ be three non-coplanar unit vectors

=
such that the angle between every pair of them is 3 H

—_ = =5 - — o -3
axb+bxec = pa+ gbh+ rc. where p. ¢ and r are

4 2 2
scalars, then the value of M#

=

q
31. Leta=-i-kb=—i+jand Z=i+2j+3k bethreegiven

is [Adv.2014]

vectors. If 7 isavector such that Fxb = xband F.a=0,

then the value of 7.5 is [2011]
32. If @ andbare vectors in space given by 5=_'-__zi
NG
and p = ol , then find the value of (25+5).
Via

{2010]

[(Exl;)x(ﬁ—ﬂ;” :

33. Let g=2i+j-k and h=i+2j+k betwo vectors.

Consider a vector ¢ = ga + ﬁf;, a,B € R . If the projection

of # on the vector (5 +5) is 3,/2 , then the minimum

value of [E— [5 x B))-E equals .

@)+

34. LetOA=a,OB=10a+2band OC=bwhere O, 4 and Care
non-collinear points. Let p denote the area of the
quadrilateral O4B8C, and let g denote the area of the
parallelogram with O4 and OC as adjacent sides. Ifp = kg,
thenk=....... [1997 - 2 Marks]

35. If b and ¢ areanytwonon-collinear unit vectorsand @ is

[Adv. 2019]

any vector, then (z.5)b + (2.8) e+ 2222 Gx 3= o
|bxc|

[1996 - 2 Marks]

37.

39.

43.

44.

B(2,1,-1),C(3,

andperpendicularto i +j +k is...... [1992- 2 Marks|
If the vectors af+}+t:+£j+£ and ,".4.}‘...({

l "
(1-a)

{a = b = c = 1)arecoplanar, then the value of

1 1

{1-c)

= 1987-2 N
-5 | Tarks]

fA4=(LLI C=(0.L-1) are given vectors, then a
vector B satisfying the equations 4 xB =C and
4 [1985 - 2 Marks]
If 4 B C arethree non-coplanar vectors, then —

I-Exc_‘+_B'-IxE_

B A i - [1985 - 2 Marks]
| a az l+03

Ifl b bz 1+5° =0 and the vectors 3:(1,&,02)-
¢ = 148

B =(1,bb%), C = (1,¢,¢?), are non-coplanar, then the
productabc=....... [1985 - 2 Marks]

The area of the triangle whose vertices are A (1, —1, 2),
1,2)is [1983 - 1 Mark]

Py i)

For any three vectors a, b, and ¢
(@-b).(b-c)x(c-a)=2a, bxc
[1989 - 1 Mark]

If X 4=0,X.B=0,.X.C=0 for some non-zero vector X,
then [4 BC]=0 [1983 - 1 Mark]

Let A4, BandC be unit vectors suppose that

A.B=4.C=0,and that the angle between B and C is

7/6.Then 4 =+2 (Bx ). [1981 - 2 Marks|

cnrene €

Let {, j and k be the unit vectors along the three positive

coordinate axes. Let [Adv. 2022]
a=3+j—k,
b=i+byj+bk, b,b,eR

E=Cif+32j+C3k, Cp.Cy, 64 eR

be three vectors such that byby >0, @.b=0 and
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(0 — o)1) (3-¢ )

s —y =y

y
a non-zero vector perpendicularto x and yx z and b

6‘3 0 _C| bz = 1_82 — —  —F
o hniey & < 0AE; ipeg is a non-zero vector perpendicularto y and z x x, then
[Adv. 2014]
Then, which of the following is/are TRUE ? L s s
(@) @.2=0 b  b.é=0 R e S
- Y — o o A s
(© [B[>+10 @ | b a=[a_y][y_z]
46. Let Obe the origin and
Oi=2i +2j +F, OB=i-2j+2k and © ;’.L_[ ][zﬁ'}
%=l(a§—ha) for some A > 0. If
2 it - =
s el ¢ 5 @)= ‘{ =%
| OB x 04 l = -é- then which of the following
statements is (are) TRUE? [Adv.2021] 50 The vector (s) which is/are coplanar with vectors

(a) Projection of OC on OA4 is —%
(b) Areaofthetriangle O4B is %

9
(¢) Areaofthetriangle ABCis 2

i+j+2k and i+2j+k, and perpendicular to the

vector { + j+k is/are

@ j-k

© i-j

[2011]
b —i+]
) —j+k

(d) The acute angle between the diagonals ofthe paral- ~ 51.  Let a and bbe two non-collinear unit vectors. Ifu=a—(a.b)

= band v=ax b, then |v|is [1999 - 3 Marks]
lelogram with adjacent sides 04 and OC is — @ |ul ®) |u|t|u.al
3 (© |ult|u.b| (@ [u|tula+bd)
47. Let a and b be positive real numbers. Suppose 52. Which of the following expressions are meaningful?
R T : g [1998 - 2 Marks|
PO =ai +bj and PS = ai —bj are adjacent sides of a @) u(vxw) ®) (uev)ew
parallelogram PORS. Let; andy be the projection ©) (usv)w (d) ux(vew)

vectors of =1 + j along PQ and PS , respectively.

If| i | + |V |=| w| and if the area of the parallelogram

53. Forthree vectors u, v, wwhich of the following expression

is not equal to any of the remaining three? [1998 - 2 Marks]
@ ue(vxw)
() ve(uxw)

(b) (vxwpru
(d) (uxv)ew

PORS is 8, then which of the following statements is/are 54. The number of vectors of unit length perpendicular to

TRUE? vectors ¢ =(1,1,0)and 5 =(0,1, 1)is [1987 -2 Marks]
(a) a+b=4 [Adv. 2020] (a) one (b) two
Eb; ?FI: blzzgth f the di 1 PR of th llel 2 Mk () infuite
c e len of the diagona of the parallelogram — 5 : o= ; :
PQRS is 4 5. Let a=aitapjtak, b=bithj+bk ond
(d) 7 is an angle bisector of the vectors PQ and pS§ ¢ =cji+cyj+c3k be three non-zero vectors such that
48. LetAPOR bea triangle. Let G = OR, b = RPandz = PO. ¢ is a unit vector perpendicular to both the vectors g
= - = - - . T
i£[d] =12, [6| =43, b. = 24, then which of the follow- HEE e angk hetween, 4 ang b8,y e
ingis (are) true? [JEE Adv. 2015]
- l(_ 5 ) . ay ay 43
@ c] -|§| -12 () |C—+|a| -30 b by by isequalto [1986 - 2 Marks|
2 2 ¢ C3 C3
(©) i6x5+6xai=48\/§ @ ahb=-72 E’E}) ?
SRl 7 5 LB a Al gl g
49, Let x, y and z be three vectors each of magnitude (© 4{31 +as+a3) (b +b; +B3)
-
/2 and the angle between each pair of them is % If a is (d) %(912 +a§ +a§) (bl?. +b22 +b§) (c]j‘ +C§ +C§]
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Vector Algebra . B73

;. ' . . i : B o " |
SE; Match List I with List I and select the correct answer using the code given below the lists : [Adv. 2014]
List-1I List-1II
P. Let y(x)= (:{Js(Scos"1 x) ,xe[-11], x= i%. Then £ oy
d’y d
L[, o]
y{x] dxz de equals
Q Letd,, 4y, ..., 4, (n>2) be the vertices of a regular 2t i)
polygon of  sides with its centre at the origin. Let a_,:
be the position vector of the point dpb=1.2..on
n—](-_’ = ‘ H—I(ﬂ-’ = \
If Zk:] akxakHJ = I(:]Ldk 'ak-i-]J 3

then the minimum value of # is

R Ifthe normal from the point P(h, 1) on the ellipse 3 8
2 o

x? + y? =1 is perpendicular to the line x + 3= 8, then the value of / is

S. Number of positive solutions satisfying the 4 9
tion t _'[. : ] ‘tan_l( I ) tan"(z\J‘
an + = o

e 2x+1 4x+1 X</ )

P QuUiR :§
@-4 3 -3
() 207 - B =o@reke]
©d = 31 2
(d): 20 SRS

57. Match List I with List IT and select the correct answer using the code given below the lists - [Ady. 2013]

ListI List I

P. - Volume of parallelepiped determined by vectors 4,5 and & is2. L 100

Then the volume of the parallelepiped determined by vectors
2(a@xb),3(bx¢) and 2(¢ x d) is

Q. Volume of parallelepiped determined by vectors 4,5 and & is 5. 2. 30
Then the volume of the parallelepiped determined by vectors

3(a +b),3(b +¢) and 2(¢ +a) is

R Area of a triangle with adjacent sides determined by vectors 7 and 3. A
b 18 20. Then the area of the triangle with adjacent sides determined
by vectors (23 +3b) and (7 -b) is

S.  Areaofa parallelogram with adjacent sides determined by vectors 4 60

G and b is 30. Then thearea of the parallelogram with adjacent
sides determined by vectors (G +4) and 7 is

Codes:
P Q R s
(a) 4 2 3 1
(b) 2 3 1 4
() 3 4 1 2
(d) 1 E 3 2
58.  Match the statements / expressions given in Column-I with the values given in Column-IL. [2009]
Column-I Column-II
(A) Root(s) of the equation 2 sin? 6 + sin220 =2 ®) %
(B) Points of discontinuity of the unction )= [E}cos[ﬁ], @ %
T T

f'where [y] denotes the largest integer less than or equal to y
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(C) Volume of the parallellpiped with its edges represented by the (r)

vectors i+ j,i+2jand i+ j+mk

(D) Angle between vector @ andh where @, b and¢ are unit vectors ()

satisfying a+b+3é=0

Let O be the origin, and OX,0Y, OZ be three unit vectors in

the directions of the sides QR, RP, PQ respectively, of a triangle

PQR. [Ady. 2017]
59. |OXxOY|=

(a) sin(P+Q) (b) sin2R

(¢) sin(P+R) (d) sin(Q+R)

60. If the triangle PQR varies, then the minimum value of

cos(P+Q) +cos (Q+R) ~cos(R+ P)is
5 RN o P
@ —3 (b > © 3 @ 3
@g_-f'
61.

the sides of a regular hexagun.
STATEMENT-1: PO x RS+ ST|# 0 . because

STATEMENT-2: POx RS = 0 and POx ST = 0
[2007 -3 marks]|

(a) Statement-1 is True, statement-2 is True; Statement-2
is a correct explanation for Statement-1.

(b) Statement-1 is True, Statement-2 is True; Statement-2
is NOT a correct explanation for Statement-1

(c) Statement-1 is True, Statement-2 is False

(d) Statement-1 is False, Statement-2 is True.

&J 10

62. If @b, and d are distinct vectors such that
Gxé=bxd and Gxp=¢xd - Prove that
(G-d)(b-C)#0 ie. ab+dé #db+ac

[2004 - 2 Marks]

63. If @, v, w, are three non-coplanar unit vectors and a., B, y

are the angles between i and V and W, W and &

respectively and X, 7, Z are unit vectors along the

bisectors of the angles a, B, v respectively. Prove that
Ex§ Fx3 Ix3] 20 2B
Ixy y¥Z FxX}=—- se s
[ZExy ¥x x] [uvw] c 2 2se 2
12003 - 4 Marks]|

Get More Learning Materials Here : & m

66.

67.

69.

70.

7 5

WA

| H

Let ¥ be the volume of the parallelopiped formed by the

vectors E=a1f+a2}+a3£, E:b]f+sz+b3£,

E=qf +czj+c31; Ifa,b,c,wherer=1,2,3, arenon-
3

negative real numbers and Z(a,. +b, +c,)=3L, show

r=1
that ¥ < . [2002 - 5 Marks]
Let u and v be unit vectors. If w is a vector such that
w+(wx#)=", then prove that |(#xV)-w|<1/2 and
that the equality holds if and only if u is perpendicular to v.
[1999 - 10 Marks]
For any two vectors u and v, prove that {1998 - 8 Marks]

@ (@ v +|axv[=|af’|v[* and
®) A+|@P)A+|FP)=0-i-9)* +|d+7 +@xv) >
If 4. B and C are vectors such that | B|=|C|. Prove that
[—{A+E}x(ﬁ+a)]x(ﬁxé)(]§+fﬁ)=0.

[1997 - 5 Marks]
The position vectors of the vertices A, Band C of a

tetrahedron ABCD arei+ j+k, i and 3 , respectively.

The altitude from vertex D to the opposite face 4 BC meets
the median line through A4 of the triangle ABC ata point E.
If the length of the side AD is 4 and the volume of the

232 ;
tetrahedron is —;(—_ , find the position vector of the point

E for all its possible positions. [1996 - 5 Marks]

Ifthe vectors b,¢,d , are not coplanar, then prove that the
vector

(@ xb)x (¢ xd)+(axc)x(d xb)+(@xd)x(bx?) is
parallelto 3 . [1994 - 4 Marks]
Let 4 =2i +k,B=1i+j +k ,and

C= 4 —3j +7k .Determine a vector R . Satisfying

RxB=CxBandR-A4=0 [1990- 3 Marks]

If vectors E',—I;, ¢ are coplanar, show that

[1989 - 2 Marks]

ol
it L |
= R
o (O B ol
o R

|

I

ol
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Vector Algebra B75

72. 1f4, B, C, D are any four points in space, prove that - 74. Findall valuesof ) such that x, y, z,= (0, 0,0) and
[1987 - 2 Marks]| Ee e iy o e 1)
AB xCD +BC x AD +CA xBD| (F+j+3k)x+@i -3 +hk)y+(4i+5j)z
= ;;{area_o_ftﬁapgle.{BC; BErR ST LARS =)(xi x j y+kz) where i, j. k are unit vectors
3 .e pO?IIle] \ec.:(ors? t ; pornts: .+ B, a are aloniethe comilanst sae [1982 - 3 Marks]
i—-2j-k 2+3j-4 , —i+j+2k a n d 75 7 oW e W A_ are the vertices of a regular plane
BT X ; 3 oi on with n sides and O is its centr Show that
4i +5; + )k, respectively. Ifthe points 4, B, C and D lie P o " = y

n-1
on a plane, find the value of . [1986 - 2'4 Marks] Z(OA,- x OAi+1) =(1-n)XOA2 xo_j;) [1982 - 2 Marks]
i=]

? Answer Key

Topic-1: Algebra of Vectors, Linear Dependence & Independence of Vectors, Vector Inequality

L @ 2 0 3 @ 4 (5 5 True 6 (d 7. (A-p.rs(B)p;(C)rp.q;(D)s,t
8. (A)-q (B)-p,q; (O)p.q, s, t;(D)-g, t
Topic-2 : Scalar or Dot Product of two Vectors

1L (© 2. (a) 3. () 4 ® S5 b 6 (O 7. (a) 8 9. @

ab P ab b
10. 51 b,a- G b 11. (2i-j)12. orthocentre 13. 55 14. (ac,d)

15. (a,c) 16. A-q,B-p,C-s, D-t

Topic-3 : Vector or Cross Product of two vectors, Scalar & Vector Triple Product
1. b 2. (0 3 (b 4. (c) 5 () 6. (b) 7. () 8 (a) 9. (c 10. (¢
1. (©)
12. (¢©0 13. (¢ 14 (a) 15. @ 16. ®) 17. (@ 18 () 19 (d) 20. (@ 21. (a)
22. () 23, (d) 24, (d) 25. d 26. @ 27. () 28.03) 29.(9 30. @ 31 (9

J-k"Tiek 5.2~ 2-
— = 37 q —i+—j+—k
'JE J_E () 38. 3l+3j+3
) 40. (-1) 41. /|3 42, False 43. True 44. True 45. (bc.d) 46. (ab.c) 47. (b,c,d)

@cd) 49. (abc) 50. (ad) 51 (a,c) 52. (ac) 53. (9 54. (b)) 55 () 56. (a) 57. (o)
(A)-gs; B)-prst; (C)-;(D)r  59. (@) 60. (b) 61. (o)

32. 5) 33 (18 34. (6 35. (4) 36.

2% 8
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Hints & Solutions

Topic-1: Algebra of Vectors, Linear Dependence &
=) Independence of Vectors, Vector Inequality

Y

1. (a) Since PQ=6i+/,QR =-i+3/,SR =6i+ J,

PS =—i+3/.

Here PQ = SR; QR = PS and PQ. PS#0

Atso [7G) < o

=> PQRS is a parallelogram but neither a rhombus nor a
rectangle.

2. () Let ai +Bj+vk.pi+y +akandyi +of + Bk
be position vectors of points 4, B and C respectively, then

| 4B |=J(B—0)% + (1 —B)* +(a1)*

|BC =y =B)? +(a-1)* + (@ —B)>?

|CA|= \."I{a— Y )2 +(p —c:t_l2 +(y - B')2

AB|=| BC||=| C4
= AA4BC is an equilateral triangle.

3. (a) Let 60i +3_,;'.40:'A—8_}' andai —52] be position
vector of points A, B and C respectively.

AB=40i -8 —60i —3j =—20i —11]

and AC =ai —52j-60i =3 =(a-60)i -55]
Given that A, B and are collinear
WS =t -t
-20 -11
4. (5) Given 8 vectors are
(1, L 1), 1, -1, -1); (=1, 1, D), (1, =1, -1); (1, -1, 1),
L 1,-1);(1,1,-1),(-1,-1,1)
These are 4 diagonals of a cube and their opposites.
For 3 non coplanar vectors first we select 3 groups of
diagonals and its opposite in “C; ways. Then one vector
from each group can be selected in 2 x 2 x 2 ways.
Total ways =4C, x 2 x 2x 2 =32 =25
p=5
S. True: Let a+b, a—b and a+ kb be position vectors of
points 4, B and C respectively.

Then, AB =(a—b)—(a+b)=—2b
and B_C:;+k5—c_’;+f;=[f\’+l)£—?

= AB| BC YkeR
= A.B, C are collinear vk ¢ R
- Statement is true.

(d)

Appl
1
=

I
=p

Also

Giventhat, a=i+ ; +k,b=4i+ 3_}'+-‘3hi2

Ta B
ying R, = R, — R, and R, - R, - R,
00

4 -1 0 |=0

a-1 -1
—1=0=h=1

given that [¢|=v3 = 142 +p2 =3

Substituting the value of B we get a2 = 1

=

a==I1

(A)=p,rs; (B) > p; (C) = p, g5 (D)—s, t

(A)

Uuyuy

U

LUUUB

U

©

Since, 2(a* — b?) = 2

g R e
2(sin“x — sin“y) = sin’z
2sin{x + y) sin(x — y) = sin’z

2sin(x — y)=sin z (- sin(x + y) =sin z)
sin{x— y) :i = &
sin z 2 et

’
cos(nmh) =0 = cos 5 =0=n=1425

1 + cos2X — 2cos2Y = 2sinXsinY
2c082X — 2(1-2sin?Y) = 2sinXsin¥
1 —sin?X - 1 + 25in®Y = sinXsin¥
sin2X + sinXsinY — 2sin?¥ = 0
(sinX — sinY) (sinX + 2sin¥) = 0

sin X

_.1 . E —
- or-2 .. b =1.
P(\3,1),0(1, J3).R(B,1-B)

Y a s

Q(1,43)

From figure, acute angle bisector of ZXQOY is y = x.
Distance of R(B, 1-B) from bisector
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Vector Algebra

B—I+ﬁ=i

R
=2f-1=+3o0rf=2o0r-1
B =1.2

(D) Fora=0,y=3

Casel

F(a) is the area bounded by x =0, x = 2, > =4x and y = 3
2

. Fo)= _{0 (3—2x)dx

ArY M

T

=
XZ2
2
3 40 . 82
3 7 3
8
o)+ EJE:‘S
Casell

F(a) is the area bounded by x = 0, x = 2, 2 = 4x and
y=pk-1+k-2+x

3—x0<x<l
=qx+L1<x<?2
3x-3,x22

Ha) = I;(3~x—2\[;)dr+_[:(x+l—2\/z_c)dx

Ay A

=3_l_i+3+2"&_l_l+i =5—8—J—§
2.3 2 3
8v2

Ha_)+TJ_ g

Get More Learning Materials Here : &

(A) > q:(B) > p.q: (C) 2> p.g,s. : (D) > q, t

S sambly
(A) Projection of i +Bj on J3_'f+j < G;"-B:\E

2V3-B
V3
B

= o=

2{3}3_ =2+3p =>p=0=>a=2

(B) LHD=/"(1)=—6aand RHD=f"'(1)=h

—6a=b (1)
Also f is continuous at x = 1,
o —3a-2=b+a?
= a?-3a+2=0 (from (1))
= ig=l;2
©

B-30+20)"*3 + (2 + 30 - 3a2)4n +3

[ w*=1]

4n+3

2% +3-30

=. B-3o+loys ipl———u—
[0)]

+(3+20+3w?)h*3=0

4n+3

(Bo+202+3)
gt Aojol

3 —3(1)+2(1)2]4“*3 [1 +pint3y (m2}4“ +3] =0

4n + 3 should be an integer other than multiple of 3.

& on=1,2.4.5

(D) - HM ofaandb be 4,

Uy

i 4 b=2a+2b i
=] = 2 o
ik =a a (i)
Alsoa+g=10 or a=10—g¢g
and b+5=2¢ or b=2¢g-5
Putting values of @ and b in eq™(i), we get
weiE e ®
g=dor "= =q= orz
l|g—al=2or5.

Let :},5 .E be the position vectors of vertices 4, B and C
respectively with respect to origin,

Let AD, BE and CF be the bisectors of 24, ZB, and /C
respectively.

A(3)

B (%) P [e()]

Let @, b, ¢ are the lengths of sides BC, C4 and AB
respectively, we know that by angle bisector theorem
BD:DC=A4B:AC=c:b.
bb +cé

b+c

. The position vector of D is d =
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Let [ be the point of intersection of BE and 4D. Then in Hence proved.
AABD, Bl is bi f £B. i i :
- DI A =1ngs:c§:r - 11. Let a,b,c, be the position vectors of points 4, B and C

BD ) BD ¢ respectively with respect to origin O.

But —== S =
" DC b BD+DC c+b 4@
o I U Ry et
BC c+b b+c
D= ie=a:(b+e)
b+c
LB op fL e 01D c©
a+b+c - . . .
i 3 "> D divides BC in the ratio 2 : 1 and E divides AC in the
2G4 bb +cé (b o 3 ratio3: 1.
L J _aa+bb+cc e oL
o —— b+2¢ — a+3c¢
a+b+c a+b+c * OD= ——7— and OE =
Similarly p.v. of intersection of o 3 : : . ;
- Let pt. P divides BE in the ratio & : 1 and AD in the ratiom : 1,
. aa+bb +cc G
AD and CF is also_m_ 3. k(a+3c\ i [b+2c]
Hence all the £ bisectors passes through 7, i.e., these are - OP = L J =
concurrent. 5 k+1 m+1
10. Let OABC is trapezium and position vector of A,B,C with s L A
respect to origin O are A(&'],C(B),B(5+IE) = Ak + 1)a+ k+1 i 4(k +1) ¢
{5 o = =
LbHE,J = a4 m B4 2m =
Equation of OB ® s E+13) m+l  3(m+1)  3(m+1)
s On comparing both sides, we get
r=Mb+ta) k 1 -
=> e (@)
Equation of AC : 4k+1) m+1
Lo =y o 4 1 m
r=a+pub-a) Rfa) @ e ii
¥ SR k+1 3(m+1) =)
Let P be the point of intersection 0 and 4C % .2m o
S Mb +1d) = G+ b -a) 4(k+1) 3(m+1)
On comparing both sides Dividing (iii) by (ii) we get
A=) -i48) 3 8
AM=1-p - (i1) —=2=k=—=> The required ratio is 8 : 3.
from (i) and (ii) 4 3
1 12. Let q and b be the position vectors of 4 and B respectively
A= Tes with respect to origin O.
. PV of Pist = 1 =(b+td) b 2
=g i = OF = —
1 1 .
Equation of RS : F=5§+k[b+5(r—1)&'] — la+2b a+2b
D: =
i 1+2 3
Coeffcient of § in 7 1, £=— i B ot
1 ;—t J;+25 ;
“F=lds 1[“ (- I)a:[ 3 A
£ and Equation of AE is
1 1 1 - =
==—b+4 t-1+t+lld=—-1/| b+t = S b -
+1°  3gaD" la :+1[ a]=n ?’=a+3[-2—-a] .G

Hence p lies on RS,
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13.

= (a+2b) - (V) ey Topic-2: Scalar or
ik H+D =) Dot Product of two Vectors
From (iii) and (iv) we get
s 1 Blaciso 1. (¢) We know that vector in the plane of @ and j is
T = — b = o
3(h+1) S e v =a+)\b
. OP:PD=3:2 = v =1+M)i+(1-R)j+(1+ )k
Given OACB is a parallelogram with O as origin. y
Let OA = &, OB =5 = OC =a+5and0D = 2. Siechoa ot ¥ SRE Bty
ve 1 (4M-(-)-(0+1) 1
el 3 NE] NE]
= l=-A=-1
= A=2
V=3—7+3k
2. (@) Given, OP = Gcost +bsint
Let CO and BD intersect each other at P, rO—PFZ =!é|2 o2 H]S’Z sin® 1+ 24 bsint cost
Let P dividing CO in ratio 2.1 Wipeis et :
aﬁ_lx0+lx(5+5) G 5 = |0P|” =cos® t +sin® ¢+ 2absin cost
A+l e = |0B]* =1+absin2:
And P dividing BD in the ratio p : 1
e 0P| = V1+4-Bsin2s
(D0 n
OP = - .. (i) e s L
(@) i 2 D) 0P| oy = V1+db =Matsin2t=1=51 i
From (i) and (ii) =1 Y4k = a+b
T T o (OP) gy = = o (OP)ax =7——
a+b pa+2b gz |§+b‘
A+l 2(u+1) o e i
Equating the coefficients of ¢ and b, we get s n = in'+ 5] - ~ Nl+ab
Lo i) (b) We observe that
A+l 2peD) B 111 B oo LR
abi=ab-| —— ‘a' =ab-ab=0 (i)
= 521 - laP
A+l p+l e S5
From (iv) we get L =p = P divides CO and BD in the 5;2 =l oS8 ;;_ij_’l_g;l
same ratio. |a |2 | by |2
Putting A = p in eq. (iii) we get p =2 i o
Thus required ratiois 2 : 1. =E.E—-¥—|E|2 L5 El.bl (5_31)
laf |y
. . . . ro.in
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Since OD and AE intersect at P, then comparing the
coefficients of @ and b, we get

i=1—s and-%{=i rzé ands:i
3 3 5 5

Putting value of 7 in eq. (i) we get position vector of point

a+2b

.. (iii)
Let P divides OD in the ratio A : 1, then position vector of
Pis

1(““;zb]+1.0

of intersection P is

Since vector 4 has components 4;,4,,4;, in the
coordinate system OXYZ,

2=;A] +}A2 -I-E'A;

. ! T 3
When given system is rotated through . the new x-axis

is along old y-axis and new y-axis is along the old
negative x-axis and z remains same as before.
Hence the components of A in the new system are

Ay, —A, 4.

2 becomes AzE—AI}+A3£.




8234

4.
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7.

=ac—ac-0=0 [from (i)]

And 5].52 =51.{E—- E'c;a_ c.by 51}

lal? |B

Eew o
la| 1By |

=51.E*D—51.E=0 (from (i)
Hence 551 = ;g =b .52 =)

= (5,31,52) is a set of orthogonal vectors.

(b) Given that a and b are two unit vectors
lal=5]=1
Also, given that (5+2§) is perpendicular to
(5a-4b)
(a+2b).(5a—4b)=0

= 5|af?-8|5) -4ab+10ba=0

= 5-8+6ab=0 = 6|a|lb|cosO=3

[where 0 is the angle between @ and b ]

1
= cusB:; = f=60°

(b) Since @.b and ¢ are units vectors.
|@|=1& |=|E =1
Let x=‘a-5’2+‘5-z|2+|5-a|2
~laf +[B[ ~225+[5[ +ef 25z +ef +af -208 >
=6—2(a£+53+a5) (i)
We have

|@+b+2|20 = |d+b+21*20

U
Y

=

= A@b+bZ+ed)>2-3
=

=

6-2@Gb+bE+Ed)<9

x <9 (From (i)) .. x does not exceed 9

() Since u+v+w=0 1.
:D|a+;+\—r|.2:r;|2 + fw:|2 +| 1—;1]2 +2(§.;+;.;+;;¢)
= 0=9+16+25+2(uv+v.w+wa)

= (;:.;+ Vow+ :v.ﬁ) =_75

(a) Since R divide PQ internally in ratio 2 : 3
— 3p+2¢g 1,.- -
S OR=—="—="2=—_(3p+2
342 s P
S divide PQ externally in ratio 2 : 3

T sy AR G
208 = =3p-2
g, #
Giventhat OR | OS = OROS =0
e S Sy e
=t ~5~[3p+2q]-(3p~2q}=0
= 9lpf=4lqf = 9p? =44’
@ 2p+G=5+j+7k
P-2G=0i+3j+k
J
1 3|=i(4)- j(-1)+k(-3)

L

i
pxg=|2

1
=4i+ -3k
15 +10] +6k = a(5i + ] + 7F)
+B(3J+ k) +y(4F + 7 -38)

S 15=15a+4y (D)
10=a+3B+y (i)
6=Ta+p-3y ..(iii)

On solving (i), (ii) and (iii), we get
0 11
La==B=—y=2 . y=
e p s T2
@ lal=p|=lel=1
|- +15 - +le-a2 = 9

= Z(Iai2 +[? +|a[2) ~2(Gb+b.i+6d)=9

Also,
G+b+2f =1aP +[5f +IcP + 2G5 + b

=1+1+l+2x[_§) =0
2

+c.a)

= G+b+5=0 = (b+3)=-d
» |28+5(5+)| =|2a- 54| =|-3a = 3

Component of a along A

b =0D= (projcction of d on 5)1;
7

N |
ez~ zp) 0 32—
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Vector Algebra

Component of @ perpendicular to b
sl e AR
=DA=a-0D =a—|—|b
L|br2J
11. Letc=ai+bhj
“ble = be=0

= @i+3J).(ai+b))=0=>4a+3b=0

3b gns 3b
Sa=——=—=—=)

4 +3 4
=a=+3% b=—4) (i)
“z=a(3¢-4])

Now, let a = xi+ y:;' be the required vectors.

: - < ab. .. dxs3

Projection of ¢ along & =i‘é — Vo 2T AN
|6] V4?2432

= 4x+3p=5 ..(if)
Also, projection of g along ¢ =2

ac 3hx—4hy
— IﬂT'(- = 2 e _jfl,_——}--_‘}- = 2

lel J(31)% +(4n)?
= 3jx—4hy=101= 3x—4y=10 .. iii)

Solving (ii) and (iii), we getx =2, y =~ |

.. The required vector is 2;—1

12. Given that the position vectors of points 4, B, C and D are

a,b,c,d respectively, such that -

(5—2).(5—5}=(B—E)‘(E—E}=0
= DA.CB=DB.AC=0 D

=DA1CB and DB | AC 5
Clearly D is orthocentre of A ABC

13. Given that j3‘=3; §[=4; |c|=>5

EJ,(§+Z'):>§.(§+E'):O
BL(C+4) = B(C+A)=0
CL(A+B)=C(A+B)=0

Now, Z+§+6‘2 =(§+§+5J.{E+§+E]

2

e 4

=’§F2 +E‘(I§ +E)+‘§‘2 +E-(E+3)+ C

=[4" +[B +[c]" +0
—9+16+25=50 - \E+§+El=5\5

4. (a¢d) |£—31=%¢(_4+4+1)=1 = |al=1

.. It is unit vector
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+C-(4+3)

15.

16.

Let b=2i-4j+3k then

cosf = ﬁab, = ; P

la|b| /29 3
LctE——;+A'—llAc—_3c_I = clla
I 2 = 2 clla

Let d =3i+2j+2k then ad =0 = ald
(a, ) Any vector in the plane of 5 and ¢ is u =5+ ic
=(+2j-k)+ LG +]-2k)

= (14 0)i +(2+0)j — (1+20)k

u.a

Given that magnitude of projection of # on a is \/-ij
2 s =

. \Fz - nglzmx} 2+1)-(1+21)|
3 3 | V6

= |-A-1|=2 = A+1=20r A+1==2
= Ai=lorji=-3
The required vector is either,
2§+3}-3fr or —2§~}+5f§
A—q, Bop, Cos, D>t

la|

A a=V1+3=2
I5‘=¢1+3:2
lel=23

B

Using cosine formula
_lal 18P ~|éP  4+4-12 1
2|d|b| o
2n

1
=% = —— —
cos 6 2=:-*E} 3

Cos C

=A-—>q

b
B. | (U®-3d =25
h
:j f{.\:)dx+-§—[—b2+a2] = g?— b?

b
=5 L f(x)dx = —%(a2—52)=jﬁ x dx
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b i A~ Wy
:?f{x)~x:>f(6]—6 aﬂchsEl
0 R W=7+ (2cos0)a =v-2(av)a [+ av=—cosf]

5 5
AN 2 = - . e =
- 0,1
b i ;Ssec(ﬂx)dx 3 T [fn e tannx|]$ 18. We h.avc A(t) 15 parallel to B(r) for some ¢ €[0,1] if and
fn3 : nén3 = only if
1 !
T 5m 5m n n A0 _5HO o some ¢ [0,1]
= % ﬁn|sec?+tan?|—€n[sec?+tan—é—| gI(f) gz(f}
i 3 ; 2 l - = fi(t).g2(t) = f>(¢).g;(t) for some 1 €[0,1]
L o TR il i
2 Cos (0) = £1(0).g2(0) - £,(0).£,(0)
D. Forlzl =landz#1. Letz=cos0 +isin 0 =9%2-3%3=-5<0
Then 1 -z=1-cos® —isin 0= 2sin’ g—ﬁsingcosg D) = /1(D.g(1) - f,(1).g; (D)
=6x6-2x2=32>0
orl—z= ZSinE[sing—fcosE:[ Since h (t) is a continuous function, and h0).A(1) <0
2 => There is some ¢ €[0,1] for which A(t)= 0 .c., A(f) and
1 1 e g =
e E[:l +’°°t§} B(t) are parallel vectors for this t.
1 1 19. From the given data, we get
Clear that real part of s is always 3 V.V =4 v |=2
1 1 T V. |=
.:Locusoflu—isx=5 fz-tz 2=l V2
1 3 Yy V33292 |V, |= /29
Arg (I—ZJ is maximum when value of ¢ approaches to Let  is the angle between v, and V,
T ~ 1F|-‘I’:_-,=_2 :|ﬁ|| |ﬁ3[COSB=—2
5 but will not be attained. =
y = cosb=— = §=135°
‘ V2
Now, since any two vectors are always coplanar and data is
not sufficient so, let us suppose that i"l and v, are in
- 9 x x-y plane.
-y Let ¥, is along the positive direction of x-axis
Dot
17. C then ﬁI = 2:’_ [-_- | ﬁ] f:Z]

* v, makes an angle 135° with vand|7 |= 2,

AT S
i 1k

Let ¥, =ai +pj + vk

o ¥V = — 5
We know that incident ray, reflected ray and normal lie in W TeR St a=]

a same plane, and angle of incidence = angle of reflection. and ‘73 ,52 =5 -atf=-5=>P=+2
Th i a wi le bisect 2
y evefore:mn vector @ will be along the angle bisector of Also |v3 i =1/35 = o2 +Bz +Y2 =29 =y=14
w and —v, I S
~ n Hence v, =31 +2/+4k
ie e w+(_—v) 1) = Ay A 2 % r
55 = Thus, ¥ =2i; V) =—i+ ;% =31 £2j+4k
f“f_v' - R are some possible answers.
[~ Angle bisector will along a vector dividing in same i 2
ratio as the ratio of the sides forming that angle.] 20. a-b=cx*-12-6cx
Since | w—v|=0C =20P =2|W|cos8=2cosO Since ab=|a|b|cos0

Substituting this value in equation (1) we get Given that angle between 3 and  is abiise, Heeave
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ab 174 164

cosej{):a.bc.o , T...1 g i...z 5 s
= ex" —12—-6ex<0 —= == =

: _ 3 ka1l 37 ey ain
= ox" —6cx-12<0,VxeR (i) 5 5 5
Clearly above condition is satisfied if ¢ = 0 =>l=z; =Z‘l=1
Andc<0andD <0 L e G A
= 36¢%+48c <0 = 12¢ (3c+4)<0 2.  (¢) Given that ax(2i+3j+4k)=(2i +3j +4k)x b
e b VL = @+b)x (21 +3]+4k)=0
- _4 i 3 oty A

= g But 745 0and 2§ +3]+ 4% =0

o 5 (@+b) || (20 +3] +4k).
L — < ‘ %] - - ~ A
g sesl Let 4 +b = A(2i +3] + 4k)

21. Let with respect to O, position vectors of points 4, B, C, D,

_____ | 5% : = hl=4/29 iz
E Fbe a,b,6,d,e,7. Also given that |a+5/=v29 = 2 =41

Let perpendiculars from 4 to EF and from B to DF intersect Ld+b= i(:!f + 3} +4£)
each other at H. Let position vector of H be . We join CH. So, (§+5)_(_71‘-+2;+3£)= +4
Know we have to prove that CH is perpendicular to DE. D
S S 3.

Given that OD L BC = d.(c-b)=0 ®)

= IR : D c
= db=dc ..(1)
OE LAC = e(c-a)=0 = er=z2 (i)
AndOF L AB = f(b-a)=0 = f.a=f.b..(iii) A i
Also given that AH LEF = (r—g)(f-e)=0 Desageg e = T

o iR ABxAD={2 10 11 =-21-15j+14k
= r.f-re-a.f+ae (V) s S
ad BHLFD = (r-b)d-f)=0 5 [ABxAD|=Ja+225+196 = V425
= rd-rf-bd+bf=0 V) |[4B|= Va+100+121 =225 =15
Adding (iv) and (v), we get ‘E‘ =1+4+4=3
rd-re-af+ae-bd+bf =0 _ [TBXE[

o 5in(90-a) = f—=——u
=rd-re+ei-de=0 HBH‘fD‘

ing (0, (ii) and (i e
(usmg_(li ("_) an_(lf))_ Ao B * sin (90-a)= g =£ =:>::cpsc:=—"{E
= r{d-e)-c(d-e)=0 = (r-c).(d-e)=0 3. ey 9

4. (¢) Given: a.b.c and d are unit vectors,

= CH.ED=0 = CH.LlED Hence Proved. Let Exl_:':{sina}n_-l aid ExE=(sinB);{;

Topic-3: Vector or Cross Product of two where ) and n, are unit normal vectors

E‘—"J vectors, Scalar & Vector Triple Product then (axb).(cxd)=1

= (sino)n.(sinPyn, =1

17 16 ]
= e el 1 - e
1. () P(,2, 5),Q(3,6,3),R{5 5 -S(2,1,1) = sinasinp m.ny =1 = sinasinp cosy =1

Now: b+2d » 7i+8j+ 5k where y is the angle between n_; and g
3 3 2t 1
A 1 = o=—,B=—andy=0°
— 8- 2t g
By 2 =3) (Z 8 é] R[E 16 -,rj IfY=0° = axb|cxd
3'378 5 5

Let axb=A(cxd) = (axb).c=A(cxd)c=0
and (ax b).d = A(cxd).d =0
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5. (@
6. ®
=
=
7. ©
=
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are coplanar and g, b, d are coplanar

= a,b,c,d are coplanar

ando=90° = g L b and =90° = cLd

The possible cases are shown in figures and in any

case b and d are non-parallel vectors.
The volume of a parallelepipe with coterminus edges

as the vectors @, b, ¢ is given by

v=[EBE
aa ab ac
B > T
Wehave [ 52]'= |54 b5 bz
¢a éb éc
i lii-ais : :
= ¥2=l1/2 1 1f2=;=>v=7§-
P i LA ]

Since, a+b+e=0

5x(5+3+§):ﬁ

axa+axbtaxc=0 = axb=cxa
('.'&”xfi:(]and&x5=~6><&')

Similarly, bxc=rcxa

axb=bxc=cxa

Also since EBE are non-parallel and unit vector
(these form an equilateral A).
axb=bxc=cxa#0

Since given three vectors are coplanar.

5%t 1
1 2% =1 4Sp
1 R

Applying, B - R+ Ry + Ry
2-32 2¥3aes: 32

10.

11.

(@)

(©

(©)

2=l

Applymg I{2 = .R2 = Rl andR3=R3 ‘*Rl
1 1 1

0 —(1+22) 0 |=0
0 0 g+1H

2-22)

@-A)(1+2%)2 =0 = A=£/2 [+ 1+A2%0]
Two real solutions.
We know that a vector in the plane of a and b is

u=a+hb=(1+A)i+(Q2-1)j+1+A)k

: - 2 g A s
Given that projection of ¥ on ¢c=—

B
e S
le] 3
u.c 1
o 3

uce=1= |1+A+2-A-1-A|=1

[Z=ki]=1 =% p=] or3

;=2}:+j‘+27c or 4?—}'+4fc

We know that any vector which is coplanar to a and

b can be written as
;=5+l5=(f—}+£)+k(2f+j+£)
F=(1+20)i+ (=1+0)j+(1+ M)k
Since r is orthogonal to 5i+27 + 6k
= 7.(5/+2j+6k)=0

= 514+ 20)+2(-1+1)+6(1+2)=0

= 9+18A=0 = ?..:—%

Fis3j—k
3j—k
J1o
We have (axb)xa =(a.a)b—(ab)a
G-k x@+j+k) =3P B)-G+]+k)
=20~ j-k=35-(i+j+#)

F =

= 3b=3 = b=i
Volume of parallelopiped :
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12.

13.

14.

15.

(c)

(a)
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-
I
R © =

a
1 a
01

=1(1-0)-a(0-a*) +10-a) =1+a*-a

i=3.‘.12—1
da

For max. and min.

17.

1
S Visminimumat @ = 75—

Giventhat V =2/ + j—k and W =i+3k and {7 isa

Now, [{7?}?]:5(?:(?)
=ﬁ.(3?-7}'-fh=[ff‘ 32 472 +12 cos®

=+/59 cos0
which is max. when cosf =1

Max. value of [fj VF?] =59
1 0 -1

[abcl=|x 1
y x

=1(1+Jc—y—x+x2)-1()v:2 -y) =1
It neither depends on x nor on y.

1-x

I+ x=9

Since a, b, ¢ are unit coplanar vectors, then their linear

combination 2q—5,2b—c and 2c-aqare also
coplanar vectors.

Thus, [Z_d—g 2b-¢ i-&']=0

P, is the plane determined by vectors aandb
Let ;;be normal vector of P, then n—{ =axb
Now, P, is the plane determined by vectors candd
Let ; be normal vector of P, then ;; =cxd
Now given that (zx5)x(cxd)=0
mxm =0 = nlln
and hence the planes will also be parallel to each other.
Thus angle between the planes = 0.

1 16.

18.

19.

(b) Giventhat a+b+c=0 (by triangle law)
5x(5+5+5)=5x6=5

= axa+axb+axc=0

= axb=cxa [- axa=0and@xé=—Cxa]
Similarly, ;xE;:Sx;;
Therefore axb=bxc=cxa.

(@ Let &=xi+yj+zk

Given that @,b and & are coplanar

;[555]=0
AL S
=1 2 -l=0=x-y-2z=0 (1)
Xy 2
S Fis | toad, .da-c=0
2x+y+z={) {ll)
from (i) and (i)
X Z
6=%=_—=l=>x=0,y=3landz=—3?&
But|E|=l=>x2+y2+22=l
1
=02+l =l=h=t—0
343
T el
se=t—|-j+k
\5( J )
e Ao oa
Thus, we have c——\/—i(— +k)
M) |(axb)xc|=|axb|c|sin30°
M
= — )(b i
2[& lle] (i)
i j &k
axb=2 1 -2/=2i-2j+k
S TR

= |;x3|=\@=3
Also given that [c—a|=2V2 = |c-af=8
= |cP -ca-act|al=8
» |al=3anda.c =|c|, we get
le? =2[e|+1=0 (c]-1)*=0 = |¢|=1
Substituting values 0f|3xf:;jand|z| in (i), we get
|(axb)xcf=%x3xl=%
@ (a+b+c)f(a+b)yx(a+e)
=(5+3+E).[5x5+5x5+5x5+5x§}
=(a+b+c)[axc+bxa+bxe] [ axa=0]

=&(;><E)+E.(Sx;)+;.(3xz) +5.[Exg)
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+5'(3x5)+3.(3x5)+3.(3xz) J(BKE%E(ExE] 23. (d) Given that a,b,¢ are non coplanar

ke g it N A = E = 0
= [abc]-[abc]-[abc] =-{abc] [-.-[aab]zo} [“ C}*
bic — bxc - c¢xa - axb
. = == B And p=—=——,g=—, r=—
20. (a) Since ax(bxc)= N P bl q Goal r Ghal

1

—— . ) by 2 N . 1 "-** - -.- - - I_
.'.(a.c)b—(a.b}c:E +%c ow, (a+b).p+(b+c)g+(c+a)r

= o bxc = - ex@ = = axb
= = =(@+b).——=—+(b+e¢)—= + (c+a).——
[ b and c are non-coplanar] ( )[abc] ( )[abc] ( }[abc]
On comparing both sides, we get e e+ ML TR o
i | l a.(bxc) b.(cxa) C.(axb)
- =, = A
= ac=—=and ab=——=cos0 =—— = = ===
Nz NG N [abcz_ 4[‘”’_6_] ) [adbﬁc]ﬁ
3 [ bbxc=cexa=aaxb=0]
=>cos B=cos— = 0=3n/4 =y B e
4 _labe] [abe] [abe]

2. @) Let d=xi+yj+zk labcl [abe] [abey 'T1H1=3
Given that '3’:]: x? +y2 $z°=1 (i) 24. () Volume of parallelopiped z[mo—ﬂﬁl
and 2d =0 2 2 0

—p=0 = .1
S e & =l 1 —l=2en+2(-1+3)=2
Now, [bcd]=0 =|-1 0 1]|=0 3l
Xy oz 25. @ |(axb)clalb|e|
=x+y+z=0 T AR, S
B = (from (i) =|al|lb||sinBnc|=|a|lb| c| s
—=z=-2¢ ..(iii) where 0 is angle between a and b .

¥rom 6), (5 snd i) = |sin9ﬁ-6|=|5| = |2’[ sin®cos | = |c|

x2+r2+4x2=l=>x=i7€ where o is angle between ¢ and n.
: g = AC
= is LG L)y 2K PR Rt
V6 \;'E V6 L V6 and ]cosa[:l:>a=0:>E[i:“:=>5f=5-a’=0
22. (b) Given that a, b, c are distinct non negative numbers pasdas
R ia i Bk o s 5 = ab=bFE—Fa-—D
an evectors ait+aj+ck, i+k and ci+cj+bk . el
are coplanas 26. (@) A(B+C)x(A+B+C)
a2 a ¢ =Z.[Ex3+§x§+§x6+ax§+5x§+5xE’]
M H0—1j=10 (2){2:0)
. & b S s N Tal il B
Applying C; — C, - C, =A(B><A+B><C+C><A+Cx )
S A B XA BBC e A Cx A A OB
=1 0 0 |=0 (+ 4:(Bx4)=0)
c ¢ b-c el e, e e
Hapaadiagalivg R, we et =0+[4BC]+0+[ACB]
=[c(c-a)-a(b-<)]=0 =[4BC|-[4BC] (" [abe] =—[ach])
=c?—ac—-ab+ac=0 =0
=c?=ab= a,c, barein GP. 27. (7) Given that

is the GM., d b. = o T e S
s o g || =1; |¥|=1; uv=0; aw=1; vw=1

and w.w=|w’=4 = |Ww}=2
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Volume of parallelopiped = [i# ¥ ] =2 A g =iy
i @7 aw and 5“5?“:[0 4 c] i)
= [@ ¥ wP=|vd ¥5 vaw|=2 From (i) and (iii), p = r Using (i) g = - p
Wi I W ) S ) e
i 5up 4 i g P’
= lgv 1 1:2:>§\7=5 31. 9 - Fxb=¢xb= rxb-cxb=10
g L =>(; c)xb=0=7_¢||b
Now, |37 +57 [ = (3id + 5%)(3i + 57) Dot ke =B e ner Yok
=9 [* +25|v ? +30i.v = F =i42j43k-0+A)
=9+25+15=49 —A)i+(2+0)j+3k
|30 +57 |= 49 = 7 S FE=0=—1+i - I=l—% =4
:—31+6]+3fc

28. (3) Given that |d|=|b|=1, ab=0and |c|=2
¢ makes angle o with both 3 and b
Also, T=xd+yb+axb

ca =|[C|la|cosa=2cosa=> x=2cos a
b =2cosa = y=2cosa

[512: = ‘(2cosa)a+(2cosa)b+axb{
= (2=4cos?a+4cosla+ |Exbf

= 4=8cos?a+]1 ('.'|5x5|=lx1xsin90°=l)
8cos?a=3

U

29. (9) s=4p+3G+5F (i)

S=X(-p+G+7)+ W(P—G+F)+ 2(—p— G +F) (i)
comparing (i) and (ii) we get
= —-xty-z=4

x-y—z=3
XFpEz=35

) : 9 =7
Solving above equations, we get x =4, y = E 2= o
2x+y+z=9

o S B s T T 1
30. @) a.b=b.c=c.a=cos—==—
Jon: (12

- = = 9 3 3

Given pa+gb+rc=axb+ bxc

=

Taking its dot product with :’? ¢ » We get

- = 5 — -
a b c~p|a|+q[ba +r| c-a

14l
=p+—g+—r .
P > q 2 (1)
Given th 1 + +l r=0 ii
iven that 2 P+q i .(ii)
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Now, Fbh =3+6=9
32. (5) Wehave |a|=1[6|=1and 25=0

Now, (2a+B).[(axB)x(a-25)]
=(2a+B){(@-2)5~(a-B)a~2(3-a)p+2(5-3)a]
- (2a+5)| (&) 5+2(3) a]
= (2a+)(2a+3)=afaf <" (

=4+1=5.
33. (18) Given that a=2{+j—k, b=i+2j+k

R:r-L

EI)=0]

= d+b=3{+3]

Given that projection of gon @+b=32
= c.yga:BT) _k \E 2
= a+f=2
E=a§+ﬁ5=(2u+ﬁ)§+(a+2ﬂ)]+(—a+[3)ﬁ
¢=(a+2)i+(4—a)j+(2-2a)k Using eq" (i)

3(20.+B)+3(a+2B) 5
s

Now  is in the plane of 7 and b (¢ = 0@ +Bb)

« (@xb)e=0

Hence (¢—(axb))e=cz
= (a+2)’ +(4-a)’
= 6((a-1+3)

which has minimum value as 18 when ¢ =1

+(2-20) =6(a2—2a+4)

34. Given that g = area of parallelogram with 04 and OC as
adjacent sides = [0 x oc| = la xB|
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and p = area of quadrilateral OABC
= ~[04x 0B|++[0B x OC]
2 2
2 1ax(103+38) + 3{(10a+28) 3

=|Ex5‘+5‘5x3'=6laxg| sp=6g=>k=6

35. Let b and ¢ be unit vector along | and J respectively
ie. pb=; and E:} then hxc =k
Let E=x§+y}'+sz

(a.s)s+(a,z)z-+“’r‘%‘*”“] (Bx0) =xi+yj+zh =

xc|
36. Let 5=.rf+_v}'+z§ be a unit vector, coplanar with
;A‘+}+2!; and ;+2}+£.
X5 Vg

= 1 2{=0 =>3x+y+z=0 .. (1)
1 2 1

also @ is perpendicular to i+ j+k
= (xi + yj+zk)-(i + j+k)=0

ENNE i
——F i s A RS ) SR ISR R (1)
Solving the above egns., we get
L L D £=£=f_=1[my)
0 4 Q=]
=x=0y=Az=-k =d=A-Ak=0
Given that g is a unit vector, therefore

1 1

0+X2+A2=1= A2 =—A=t—
2 V2
b

V2 V2

37. Given that the vectors Ei=af+}+l:', 5=§+b}'+£ and

.. The required vector is or

E:'=:A'+}+el:: where a # b # ¢ #1 are coplanar

a it

~[abe] =o=[1 b5 1|=0 ”
1 1 ¢

ApplyingC, =C, -C,, C,=C, - G,

a-1 0 1

1-b b-1 1|=0

0 l-¢ o

Taking (1 — a), (1 = b), (1 — ¢) common from Ry, R, and R,
respectively, we get
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il iniry
l1-a
1
=(1-a)(=b)(d=0)|1 -1 —Ff=0
(1-a)(1-b)(1-¢) o
01
l1-¢
Applying R, — R, + R,
<3 e
l—a
= {-af1-B8)-0) 0 -1 — s |ap
1-b 1-a
0 1 2E
= l_c -
SR e S ]—o
l-¢ 1-b l-a
:(1-@(1-5)(1-(:)-—[ weda ot
| 1-a 1-b l-c¢
it 1 (-e)-1
= (1-a)(1-b)(1- S =0
(1-a)(1-b)( c)_1~a+1—b - }
= (l—a}(l-b)(l—c)[—l +*l—+—1-—1 =0
SR e
Butazbzc=1
1 1 1 1 1 1
—+——1=0 =1
I—a+]—b l-¢ :>1—a+l—b+l—c

Position vetor of 4 and C are A=i+ +k and

C= _}'—-k respectively
Let B = xi+ y_} +zk

ik
ATQ, AxB=C=|l 1 1|=j-k

X ¥y oz
=@-0i-C-0j+e-0k =j-k
z—y=0, = y=z .(i)
=¥-z=1 =x=z=1 (i)
andy-x=-1

Also, AB=3 = x+y+2z=3
From egs. (i), (ii) and (iii), we get
l+z+z+z=3
=z=23=y=2/3,x=5/3

...(1i1)

i LS B I
LB=Zi+=j+=k
32
Since 4,B,C are three non-coplanar vectors, therefore,

[HEE]#O
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aaz

b b

c Cz

1+a°

1+53|=0
3

40.
1+ ¢

aazl 1

b b1
¢c ¢ 1

Apply C, &> C,and then C,
we get

a a

+abell b =0

I gt

lac:-'2 1

L & B

]C'Cz I ¢ &

+abe

lara2

=(l+abc)]l b b*|=0

1 ¢ &

But given that the vectors E,B,E are non-coplanar

1 a a*

~1+abe=0=1 b B320
1 ¢ &
= abc=-1

41. > BA=-i-2j+3k, BC=1-2j+3k

.. Area of AUBC = %1@ x B—Cl

o i foo ik

(Given)

<> C, in first determinant,

.A=%—l 5 3 =%I6}'+4§| ={3j+2k| =914 =13

I =2 3
False: LH.S. =(a—b).(b—c) x (c—a)

=(a-b)(bxc-bxa-cxc+cxa)

42.

=(a—-b)(bxc+axb+ecxa)
=a(bxc)+alaxb)+alcxa)
~b.(bxc)—b.(axb)
=[abcl-[abc| =0+RHs. [+[aab]=
.. The given statement is false.
43. True: '~ X A=0 = either 4=0 or X 1 4
XB =0 = either 5=0 or X LB
XC=0 =either C=0 or X L C
From (i), (ii) and (iii)
if 4 or B or E’:O:[Eﬁf]:ﬂ
=l

Otherwise 1f ?J_E,:‘f_ §,EJ.E then
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0

[-exc=0]

].

(cxa)

44,

45.

B243

coplanar =[E§Ej=o

.. Given statement is true.

True: Giventhat 4 . B= 4 C=0

. A is perpendicular to both B and C .
= BxC=214 where A is any scalar.
=|BxCHA| =>sinwé=x% (v B=|0=U|=1)

(. m/6 is the angle between B& C)

I e i e
=>l=i—=>BxC=ilA:»A=iz(Bxc)
2 2
.. Given statement is true.
0 G GUHIl G
b,e,d)| GG 0 -Glbh|=|1-C
-G, ¢ 05| {-1-G
=-b,C; +b,C,=3-C, ()
=C;-C,b;=1-C, )
S-Ckhgret g, & (i)
Applying (i) i —(2)] +(3)k , we get
i(by c3—b3es) — J (3~ bscy) + k(ca—bacy)
= clf+c2}+c3ﬁ—3f——}'+f; =bxc=c-a
=b(bxc)=b(c-a) =0=bc—ba
=bc=0 [ab=0]
EbxE)=E.(C—-a)
=0=|¢-ca=ca=|¢]
rac#0
(bxe)? =(c-a)
152 1ePef +|al? —2cal b Lle]
6P| P e? +11-2fc)
:>|EJZ=T]2J—=>|E]S\[1_1-
|B +1
Also by.by> 0
Now, |b2=1+ 53 +b¢
=1+ (b; —b,)* +2b,b,
=1bF>10=]b>+/10
(a,b,cno—g'xo—c;%@x(o—é-@')
A :
= (04x0B) .. ()
&N www.studentbro.in
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Since, O4-OB =0 therfore OA4 1" OB (bxe)* =(c-a)
B2 ATk ey 5 =
o Lo el ol am 1Bl lePel +|af —2ca[+5 LE]
IOonciz‘E(OAxOB)‘ [from (i)] Ry ¥
|5 leP<lcl? +11-2(c]
-2, 541108 |sin® =] P=—1— =2 <1
2 2 |BJ? +1
9 _IA] S Given thatah=0 =b,~b; +3=0 = b, ~b, =3
= 773 % 2ksligpad=0) Alsob,.b,> 0
— OB-04 1 s ey NOW,|B|2=I+£§+EJ§
So, 0C =" _5(- 4] +k) e e
(@) Projection OC on OA =10+2b,b,
1 b1 >10={b> /10
ocod_ gt 8 @on =
=—= =3 = From given information
| 04| 3 L it
a+b+c=o
Vs s 0
(b) ArcaofAOAB=E‘OA><OB‘=—2—
(c) Areaof AABC
: & e ek
=—1E§x§€‘1= -1 4 1
- -5 1
— = S ) =2 =2 a2 o 2
2 2 =5 FZH'C' =J—a‘ = ‘bJ +‘c’ +2b,c=[a1
L Pr e T -2 -2 -
-5‘6‘—31-6*"1*5 = 48+|cj +48=l44:>'c' =43=M=4\/§
(d) Let acute angle between diagonals is 8 then 2
(&‘“56')'(5‘;_%) 18 ﬂ-~’31=3§—12=12
cosO=-——-—— "t 2 2
JOA +OC| [OA —-OC} 3J2/90 (a) is correct
-2
b
i C =
%3 1—2[—+’a‘=24¢30
0 - i 3-¢ “ (b) is not correct
4. Bed) | G 0 Glhl= 1-G Also [B=|d = 2= 2r
~C G 0k -|-1-6 e
=-0,C; +b,C,=3-C, s (1) and cos(180 - P) = 1o =—
i e S B O e e P (1}) lb”c’ 2

=-C,+b,C, =-1-C,4
Applying (i) i —(2) ] + (3)k , we get

i(by 3=b3ep) = (3~ bsey) + k(ca—byey)
=ci+cyj+eak-3—j+k mFxc=c—2
=b(bxc)=b(c-a) =0=E7-};
=bc=0 [+ab=0]
E(bxE)=E.C-a) =0=|cP-.a=7.5=|F

ol

vac#0
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= LP=120° .. ZQ= LR=130°

And ab=12x 41.5)( cosl50=-72
(d) is correct

Now, ax(a+b+c)=0=>axb=cxa
[&x5+ExE|=215x51 =2x12x4 3 xsin150=48 3
(c) is correct.
49. (a,b, c) Given that | X |=| 5 || Z |= /2
5 n
3

Since a is perpendicular to both x and ;xE.

and angle between each pair is
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. :;—2\_ ;x —;x—; Ls [;’“;];’_[;’;’J;’ iy a and b are unit vectors. ]
' Y . |V|=sin® Q)
=" = Now. u# =a~(a.b)h=a—bcos6
=l{(ﬁ.ﬁcosily-(ﬁ.ﬁcosflz] W =gt =,
3 3 (where a.b=cos0)
2 7\.[;:—_2’} |§I2=fa-5<>059|2 =1+cos® 0—2cos.cos
=1-cos’0=sin’0 =|v} = |ul|=|v| (from (i)

Since J is per pendicular to both yand z x x . Also, ub=ab—(ab) (bb) =ab-abh =0,

Bl (33 o G353 g

So, |;|=|z‘£|+|;{.5| is also correct

=5 Pl T 2 el
= MH\E\E COS%) 4 —[\E‘\E.COS 3) x} Similarly, | u |+|u.a |7 v|

W and |u|+|ulla+b v
& u[ z-— x] 52, (a,c) We know that dot product of two vectors gives a
scalar quantity.
Ko, gg’ﬂ[;;’_?;’} S35 1= 53. () We know that [uvw]=[vwu]=[wuv]
but [vaw]=—{uvw]
— = =3\ -> - i =
Sb =(b.z]{z— I] 54. (b) Vector perpendicular to vector g and bis given by
. (a) is correct "= l(axf_))
- = s
Also a.y=A| y.y—z.y [=A2-1)=Ar l(c_sz) [EXI_JJ
v om o o= e
— = == = =g |}“”axbi |a)<b‘
soa =g =l =
: is al We have two possible values of »
-+ (b) is also correct §5. (c¢) Since ‘c’ is unit vector perpendicular to both the
- = B e T e e - =
a.b=lu[y.z~y.x—z.z+zﬁxJ vectors @ and b.So, ¢ || @ x b
2
=3 >\ = = B e g = == g
=Ap(-1-2+1)=-Au=—| @-¥ b.z Then | b by, by| =[abc] -=(axb.c)
.. (c) is correct. Clq 2 4
= 9N\ > - - — =(|&”(-‘!’|-1"~7050Q)2
—la.y|lz=y|=Alz—y |=—a 5
LSt s e T
(d) is not correct, =(laxb|)? =(|a||b| 'SmEJ

e ST 2': ’,E,E__':' e 3 =
50. (ad)Leta=i+j+2k, b :-1- J+ i+j+k e & s isE]
-+ Vector coplanar with g and p is 6

Lo 1 z
SF=ab - (N o +8)
SF=(1+0)i+(1+28) j+Q+N k ;

212 2,52
P RlessFe=0 =;(ﬂ1 +a +a§](b12+bz +ba)
=S 1+A+14+20424A=0=2A+p=0=h=—p
=4rL+4=0 56. @ P-4 y=cos(3cos“‘x)
= i=-1
Any scalar multiple of 7 is also soluiton. y=cos[cos—1 (4;3 —Sx)]
o, aand d are the correct options. 3
= = y=4x>—3x
51. (a,c) Let O be the angle between aand b 2

e L R S D B L
v=axb=|a||b|sinbn =sinbn dx dx?
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57. (¢)

: l{(xz _1].&+xd_y}
L) dx dx

1
4x3 - 3x

{(x2 ~1)24x 4 x(12 3]

9{413 —3_r}-
(36 272} - ——=9
. 4x -3x
- = =¥
Q=333 2 a5 a, are position vectors of
vertices 4, A,, 43, ... 4, of a regular polygon of »
sides with its centre at origin.

I O
Now, ag;xa; . =A"sin—a
n

1
4x3 - 3x

=
ty

=y
ay

=i

=3 (S ~

“2 . 2W

and ap-ap.y =1 cos—
n

=ty = | oty
""Zhi(ak X }‘ =125 -0 )

; 2s . 2
— (H—I)JL2 sin == =(n—1].*.: cos ==
' n n

2n 2n =®
= tan—=1 = =—=n=38
n n 4

2 2

R—2: Normal from P(h, 1) on %+%———I is

x=—h 3=
hi6  1/3
= 2(x—h)=h(y-1) = 2x—hy-h=0

58.

2
Slope of Normal = ;

It is perpendicular to x + y = 8

. Ex—1=—1=>h=2
h

S—s1: tan! i J+tan_|( : ):tan_] i
2x+1 4x+1 X2
1 1
il 2
=5 tan) 2x+1 4x+1 s
L. e i v
2x+1 4x+1
1 6x+2 {2
= tan 3 = tan =
8x° +6x X g
Sx4l. . 2 (B)
4x° +3x  x?
j 2
= 3x-Tx—-6=0 :>x=30r‘§
Sincex>0

.. Only one +ve solution is there
Hence (a) is the correct option.
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®

:6[5 b 6]2 =6x4=24 - (P)—>(3)

(Q) Given that [a b &]=5

© [3(a+b) b+e 2(c+d)]

+
=6xz[a b E] = 6x2x5=60
Q-4

R)  Given that %|5x13‘=20 = [ixb|=40

%|(2§+3E}x(5—5)‘ =—;-I—25x5+35x5|
=§x5‘5x1§| =§x40=100
- R)> (1)

() Given that [axb[=30

. ‘(E+B)x§‘=(bx5

S (8)—=(2)

-0

A-qs;Boprs,t; Co>t;D—r
(A) The given equation is

2sin” 0+ sin” 20 = 2

2sin” 0+ 4sin? 0cos?0-2 =0

sin” 0+ 2sin (1 —sin20)~1=0
2sin*6—3sin?0+1=0
2sin 0 2sin? 9 —sin?0+1=0
2sin” 0(sin> 0 —1)~1(sin>0-1) = 0
(sin? 0-1)(2sin® 0-1) =0

L 4 0 08 44

A 1
sin>@=1 or sm29=5

Sin®=+]or sinBzi—l—

2

b
= @=nnt= ornmi— = g="¢r
2 4 2

=

m

We know that [x] is discontinuous at all integral values,

b e n
therefore | — | is discontinuous at x=—,—,— and
T 6 3 2
3x
7. Also cos| — |#0 for any of these values of x.
s

61 {31 s 0 Tamn
— |eos| — | is discontinuous at x = —,—,— and .
n T 63 2
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(C) Let&=3:+}.5=f-—2jand5=f+j+z£ 5
: -7 = 150°
The volume parallelopiped = [a b cJ T K Dl
11 0 -
={1 2 0|=n 0 o
11 = 9
D) ~ a+b=—3¢= |a+bP=3|c] ‘ &
L ol s 62. Given that
. B)y= o
= (a;b) (:+ =3 axc=bxd (1)
= ‘El +|b‘ +2ab=3 = |+1+2cos0=3 axb=cxd ..(ii)
(where 9 is the angle between @ and 5 ) Subtracting eq” (ii) from (i) we get
1 ey e e
= cosB=E =5 9:% ax(c=b)=(b-c)xd = ax(c-b)=dx(c—-b)
59. (@ OX,OY,OZ are unit vectors in the directions of sides = ax(c-b)-dx(c-b)=0
QR, RP and PQ respectively, = (a-d)x(c-b)=0 = (a-d)|(c-b)
. [ a-d=0,c-bz0as azb#c#d]
= Angle between a—d and ¢—b is either 0 or 180°.
= (a-d)(c-b)=|a—d|¢c-b|cosOforcos180°] « ¢
P+Q as a, b, c, d all are different. Hence Proved.
9 G . 63. a.;anda)-repra;entinﬁgjreas OA . OB and QC resp.
i L= R Let P be a pt. on angle bisector of £ 40QB such that OAPB
m‘____:R,(W'=£,62=$___Q_ is a parallelogram.
R|" "~ [Re[" " [pq 5 p
s [Q_R x ﬁl J(_}-ﬁ' [R_Pi sin(P+Q) ,/6?5?
0X x 0Y|=— i e
[R] R QR [Re| /
=sin (P+Q) /
60. (b) cos(P+Q)+cos(Q+R)+cos(R+P) y
= cos (180—R) + cos (180 — P) + cos (180 — Q) :
=—[cos P +cos Q +cos R] " /POA=/BOP=a/2
To minimize the expression we need to maximize cos ZAPO = ZBOP = /2 (alt. int. Z's)

P+ cos Q + cos R.
We know that cos P+ cos Q + cos R will be maximum when
cos P=cos Q=cos R

T

n -3
Minimum value =—3 cos S
61. () POx(RS+5T)= POxRT (using triangle law)

= |PO|x|RT |sin150n %0
Statement-1 is true.

Also, POxRS=|PQ|x|RS|sinl20°x n, #0

And POxST =|PQ|x|ST |sin180°xn, =0
Statement-2 is false.
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In AOAP,04 = AP
OP=0A4A+AP=u+v
A unit vector in the direction of

St =

Op = 25" e x= o

[u+v| [u+v|

But |u+v[ = @+v).(u+v)=1+1+20y
[cluHv=1]

=2+2cos =4cosla/2
lu+v|=2cosa/2 = }=%(secaf2)(ﬁ+;)

B

- - 1 - - el = =
Similarly, y=EsccE(v+m) and 2=ESEC%(C@+H)

Now [}x};xggx;]
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SR xa)] P> (aybycs + agbse; +asbiey) ~(aybyey + azbies +azbyey)
e e e C [By properties of inquality]
(xx y).[{(yx z)x}z —{(yx z).z}x] Py (liom G))  Hence Broved.
=(xx p)[[xpz]z-0] [+ [y2z]=0]  65. Since, W+ (Wxii)=7¥

=[xyzlxyz] =[xyzP (1) e

[Evw] =@ xV).(v—wxiut) = xV).(@xW)
Also [xyz]= B[sec 2} (u+v) %secﬁf2(v+a))

%secy!2(5+§)J

1 g L
=§secaz’ZSec|3a‘ZSech’2[u+vv+mm+u]

[@+v).{(v+0) x (0 +u)}] = *]_1 cos®
[+ V).(vX ©+V X U +0 % 11)] cos® 1—(i7v W)
[1.(vx ©) +7.(0 x u)] = 1~[ii¥ #] - cos” 6

(s [%IEE—} =0 when ever any two vectors are same) [@5 7] = lsinz acl
=2[uvo] 2 2

. o 3 o %
1 Fal Equality holds when sin“@0=1ie, 0=n/2 .. @ L ¥.
[% 7 Z] =E(seca,’23@cﬁfzsecyf2)[uvm] (from (ii)) s ¥
66. (a) Since, u.v=|u“vlcosg and u><v=|u”v‘sin9n
B st I o 2 2 y
fxpE]= 16[wm] seu- G/ &fee B(Z sec w2 T8) Let @ be the angle between y and y and » is a unit

From (i) and (ii), vector perpendicular to both ,v .
e A 1 —— > 2B Sl 0 (B
) PXZZ = —[uve)® sec’ sec ec — LHS=|uv| +|i#x¥v
[xxy yxzzxx] 16[ ] £3 5 2 |GV |” +| f
=i |9 [* cos? 0+ i |7 |* sin? 0| /i
a a o
64. Weknowthat, ¥ =[3 5 1=\t b b =@ P|vP (cos?0+sin?0)  ([dl=])
a ¢ o =i P|vP=RHS
S-S Glia ol al e - b)) ®) |a+7+@x¥) i +v P +|axv P
= (aybacs +aybscy +asbicy) = (apbscy + aybicy +ashycy) ki, Dl
(D) Ha? +|vP 25+ |adx7 +0

Now we know that AM >GM

i (a1+b]+c1)+(az+b2+c2)+(a3+b3+c3) 2 2 5
o 3 i [P +|7 P 25+ | x|

CRHS i+ 7+ x V[ +|1-i7

> [(a+ by + )@y +by +¢3)as + by +¢c3)] +1-2i5+|id -V

L =laf +|7 P 41+ | Py7 P
=:’3?2[('31 +hy+a)(ay +by +ey)ay by +c3)]

=+ @ [})1+|9)=L.HS.

= I 2 (ay +by +¢)ay +by +¢)(as +by +¢3) 67. (A+B)x(A+C)
=>L32a1£hc3+a2b3c]+a3blc2+24 more such terms =0+BxA+AxC+BxC [- AxA=0]
I3 2 abyc; + azbyey + ashicy =Bx A+ AxC +BxC

[ a,.b,,¢ 20forr=1,2,3] Now, [(A4 +§)x(A+C)]x(BxC)
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=[§x2+§xa+§x6]x(§xf‘) 69. Given that b,c,d are not coplanar = [be,d]20
=(Bx A)x(BxC)+(AxC)x(BxC) Here, (axb)x(cxd)=—(cxd)x(axb)
:{(Exﬁ)'i}ﬁ—{(ﬁxﬁ).ﬁ}ﬁ =—(cxdb)a+(cxd.a)b
+{(AxT)C)B-{(@x0)B|C -[acals-[becdla .
[ (@xb)xé=(ac)b-(b5)a) (axc)x(dxb)y=—(d xb)x(axc)
=[BAC)B-[ACB]C =—(d xbc)a+(d xba)c
[-- [ABC]=0if any two of [ 4, B,C] are equal ] =[ad ble~[cdbla ... (i)
=[}E§]{‘3’-E’} (EixE)x(5><E)=((E><3)E]5—(&><35)E
LHS =[AC B]{(B-C).(B+C)} = {acdb-[adbl .. (iii)
BN Bl i
~[ACBI{BP -|C}3=0 - |B]=|c|] e A e
68. Giventhat AD=4 given vector = —2fbcdla=ka
Let DE=h = given vector is parallel to q.
22 70. Let R=xi+y)+zk
Volume of tetrahedron =T . t R=xi+yj+zk
Then RxB=CxB
= L gapom=22
A0 i g ME G4
e = |[X y z|= 4 -3 7
-2-|BAXBC'|h=2\E =T (TS |
1 i b eEs ~ ~ = ANl o
5|U+k)><2ilh=2x/5 or |j-k|lh=22 = (y-2)i—(x=z)j+(x=y)k =-10i+3j+7k
or V2h=2J2 - h=2 = Yrz=-10 . (D)
z—x=+43 ... (i)

x—y=7 ... (iii)
_ l C(3i) AlsoR4=0
{i)B :
' = 2x+z=0 wn (V)
_ From (i1) and (iv) we get x = -1, from (i) and (iii) we get.

A4 (i+j+k) = yp=-8 and z=2
Let point E d1v1cAies ::necimn;iF in the ratio A : 1 L Bma-8i40k
O_-'E_ k.2i+(f"‘f‘j+k) (Il) S,
£ 221 71. Given that a,b,c are three coplanar vectors.
LAy Gt " 2 (A 3 },( There exists scalars x, y, z, not all zero, such that
=r.v.o ) il =——(i—j— = ot =
A A+l gy xa+yb+zc=0 i)
B Py = =
| AE f2= AE =(L] 3 (i) Taking dot product of eqn. (i) with g and j respectirely,
A+1 we get
Now, h? + 4E* = AD? xa.a+yab+za.c=0 ... (i)
L0 b ) ST :
== 44 — 3=16 = 3 e =12 xb.a+ybb+zbe=0 ... (i)

" Since equations (i), (ii), (iii) form a homogeneous system
[_'] =42 = A=+(2A+2) of equations, where x, y, zare  not all zero. Therefore
A+1 system must have non trivial solution.

w A=-20r-2/3
Putting the value of }, in (ii) we get the possible positions
of Eas(-1,3,3)or(3,-1,-1)
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72.

73.

=g = -3A+18+20L+35+93=0 = 171 +146=0
R
- A 146
aa ab ac|=0 Hence Proved. — ) hle =
el 7
ba bb bc i N N
-~ | | 4. 5 =dxi +hyj+izk
Let the position vectors of points 4, B, C. D with respect

to origin O be a, b, c, and d respectively. On comparing both sides, we get
Then, AB=bh-a, AD=d-a, = x+3y-4z=ix = (1-A)x+3y-4z=0
T STyl x-3y+5z=Xy x=(3+A)y+5z=0
BC=c-b, BD=d-b. =t y = x-B+A)y+
B P e = 3x+y+0z=2z = 3x+y—-Az=0
CD=d —c, CA=a-c Since x, y, z # (0, 0, 0) then all the above three equations

non zero solution.

Now, | ABxCD+ BCxAD +CAxBD | e x =

= (b-a)x(d=0)+(c-B)x(d-a) +(a-c) x (d-b)| |1 -@+d) 5 |=0
=|bxd-axd-bxc+axc+cexd—cxa 3 I =
-bxd+bxa+axd—-axb—cxd+cxb| = (1-M)BA+A%=5]-3-A-15] —4{1+9+3A]=0
=|-bxc+axc—cxa+bxa—-axb+cxb| = B+0241=0 = AA+)? =0 = 1=0,-1.
ES) o S ) 75. Since A, A,, ... A, are the vertices of a regular plane
=2|bxa+cxb+axc]| (D) polygon.
Also Area of AABC is 5}]1,&3,...,52,, all vectors are of same magnitude,
Yol R N P say ‘a’ and angle between any two consecutive vector is
=5|3C><BA| =5I(L‘-b)><(a—b)| 2
same that is = radians. Let1 be the normal unit vectors
R eRE S n
o [(exa-cxb-bxa+bxb| perpendicular to the plane of the polygon.
1o B e PN ST T o
=—|-bxa-cxb—axc| =—|bxa+cxb+axc| s
2 2
= 2A4r(AABC)=|bxa+cxb+axc| ... (i)
From (1) and (ii), we get
{Ex?ﬁ+%x:‘lﬁ+axﬁ|
=2(2A4r (AABC)) =44r(AABC) Hence Proved.
From given position vector 4B = —i + 5::'—31?,
AC =—4i +3]+3k 4,
AD =i +7j+(1+ Mk A
; o ) ke OA\x0ds = sin="p Q)
Given that 4, B, C, D lie in a plane then AB, AC, AD are n
. AR A A0 | it (] £ 8 MY n=|
coplanar i.e. [ABACADJ—O N ZOA;‘XOAHI:Zazsin%!Ef)
i=1 =
5.5 o i
%o ol A o LI
= |=4.3 3 =0 =(n—1l)a sm?p =—(n=1)[042 x 04 ]
1 7 1+A [using eq” . ()]
= —1(3+3k-21)=5(-4—41—3)-3(-28-3)=0 =(1-n)[O4; xOA1]=RH .S
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